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Abstract
We compute the term ∼ g3 in the free energy for a SU(N) gauge theory with nonzero holonomy
at nonzero temperature. If the holonomy is generated kinematically by the introduction of gauge
invariant sources coupled to Polyakov loops, the contribution of charged (off-diagonal) gluons to
the free energy at order g3, F (3:c.g.), is singular: F (3:c.g.) 6= 0 at zero holonomy, but F (3:c.g.) = 0
when the holonomy is nonzero, even infinitesimally. We show that the absence of the charged gluon
contribution is required by gauge invariance.
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I. INTRODUCTION AND SUMMARY
Quantum chromodynamics (QCD) at a temperature T is a subject of great beauty [1, 2].
It is of importance in the collisions of heavy ions at high energies and for the early universe.
At high temperature, the free energy can be computed perturbatively to order g6, where g
is the QCD coupling constant [3–9].
In this paper we study how nonzero holonomy affects the free energy. At tree level nonzero
holonomy can be implemented by introducing a source coupled to the temporal component
of the gauge field, A4. Since this is not gauge invariant, though, while the associated free
energy as a function of the source is gauge invariant to ∼ g0, it is gauge dependent to ∼ g2
[10].
This can be avoided by using sources which are gauge invariant. The natural choice are
Polyakov loops [11], which are the order parameters for the deconfining phase transition
in a SU(N) gauge theory, without dynamical quarks. Denoting the sources which couple
to Polyakov loops as h, to ∼ g2 the free energy is smoothly behaved as the holonomy
vanishes, h → 0 [12–22]. In this note we show that something unexpected happens to
∼ g3. If mD ∼ gT is the Debye mass at h = 0, then the free energy density from charged
(off-diagonal) gluons is discontinuous as h→ 0,
lim
h→0
F(h)− F(0) = N
2 −N
12pi
Tm3D +O(g4) , (1)
requiring that none of the eigenvalues of the Wilson line are degenerate for nonzero h. The
details of the computation are presented in a longer work [22]. Our purpose here is to ensure
that this admittedly odd result is not buried therein. To anticipate these results, we stress
that this quandary arises when the holonomy is generated kinematically, by the introduction
of external sources.
II. CONSTANT BACKGROUND FIELD
In this section we first introduce a constant background gauge field and establish our
notations. We then write down the perturbative expansion of the Polyakov loop around the
constant background field up to order g2, which is all we need to compute the free energy
up to order g3.
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A. Conventions
We take the Cartan basis for a SU(N) gauge group. There are N2 − N off-diagonal
generators (T ij)kl = δikδjl/
√
2, with i 6= j; i, j, k, l = 1, . . . , N are indices for the fundamental
representation and a, b, c = 1, . . . , N2−1 for the adjoint. There are N−1 diagonal generators
T d = diag (1, 1, . . . ,−d, 0, . . . , 0) /√2d(d+ 1), with d = 1, . . . , N − 1. Defining T a¯ = (T a)†,
ij = ji and d¯ = d, with the generators normalized as tr(T aT b) = δab¯/2. The structure
constant is ifabc = 2tr
(
T a
[
T b, T c
])
. We note that the structure constant is imaginary in
this basis. In this paper repeated indices are summed over unless otherwise stated; in the
following this should be clear from the context.
We use the background field method, where the gauge potential Aµ = A¯µ +Aµ, with A¯µ
is the background field and Aµ the quantum field. Non-trivial holonomy is introduced by
taking the background field A¯4 to be diagonal and constant,
(
A¯4
)
ij
=
T
g
N−1∑
d=1
Θd
(
T d
)
ij
=
T
g
θi δij. (2)
Using
(
T d
)
ii
− (T d)
jj
= ifd,ij,ji, we obtain the relationship, θi − θj = ifd,ij,jiΘd.
We term the N2 − N off-diagonal components as charged gluons (c.g.) and the N − 1
diagonal components as neutral gluons (n.g.). In the Rξ gauge the gluon propagator is
Dabαβ =
δab¯
p2a
(
δαβ − (1− ξ)
paαp
a
β
p2a
)
(3)
where paα = (p
a
4,p) is the four-momentum, with |p| = p and pa4 = (2pin+ θa)T for integral n.
The background holonomy θa = θi − θj for the charged gluons and θd = 0 for the neutral.
B. Perturbative expansion of the Polyakov loop
The Polyakov loop is the trace of the temporal Wilson loop Ω(x), which measures the
holonomy:
Ln(x) =
1
N
tr Ω(x)n with Ω(x) = P exp
[
ig
∫ β
0
dτA4(τ,x)
]
, (4)
where β = 1/T and P denotes path ordering. The subscript n indicates how many times
the Wilson line wraps around in the temporal direction.
3
We expand the Polyakov loop (4) in the presence of the constant background field (2) to
order g2,
Ln(x) = L
(0)
n + L
(1)
n + L
(2)
n +O(g3). (5)
At leading order,
L(0)n =
1
N
tr einΘ =
1
N
N∑
i=1
einθi. (6)
We denote a term with (l) in the superscript as a term in the small-coupling expansion at
order gl. The expansion up to order g2 was first obtained in [15], but for completeness we
rederive it here in a slightly different way.
The linear term is
L(1)n (x) =
ig
N
tr
[
eignβA¯4T d
] ∫ nβ
0
dτAd4(τ,x), (7)
after using the identity e−igτA¯4T aeigτA¯4 = T ae−iτTθ
a
. Because the holonomy is a diagonal
matrix, only the neutral gluon Ad4 contributes. In momentum space,
A4(τ) =
∑
p4
e−ip4τA˜4(p4) with
∑
p4
≡ T
∞∑
np=−∞
, (8)
so that
L(1)n = g
∂L
(0)
n
∂Θd
A˜d4(0). (9)
Henceforth we drop the the dependence on x for brevity.
To quadratic order
L(2)n = −
g2
N
tr
[
eignβA¯4T bT a
]∑
p4,q4
A˜b4(q4)A˜a4(p4)
∫ nβ
0
dτ2
∫ τ2
0
dτ1e
−i(qb4τ2+pa4τ1). (10)
There are two types of contributions: one from the charged gluons, L
(2:c.g.)
n , when a = ij = b¯;
the other is from neutral gluons, L
(2:n.g.)
n , when a = d and b = d′. For the contribution of
neutral gluons, the only nonzero contribution is from the zero mode with p4 = q4 = 0. In
this case the time integral gives n2β2/2, and so
L(2:n.g.)n =
g2
2
∂2L
(0)
n
∂Θd′∂Θd
A˜d′4 (0)A˜d4(0). (11)
For the charged gluon contribution, we use the identity, tr
(
eignβA¯4T jiT ij
)
= einθj/2 with i
and j fixed, and perform the time integral to obtain
L(2:c.g.)n = −
g2
2N
∑
p4,q4
A˜ji4 (q4)A˜ij4 (p4)
[
ineinθj
pij4 T
δ(p4 + q4)− e
inθj − einθi
pij4 q
ji
4
]
. (12)
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The second term in the bracket is odd under p4 ↔ q4 and i↔ j, and thus vanishes. Therefore
the only nonzero contributions are from the first term, with qb4 = −pa4. Performing the q4
sum and using the identity,
in
2N
(
einθi − einθj) = in
N
tr
(
eignβA¯4
[
T ij, T ji
])
= if d,ij,ji
∂L
(0)
n
∂Θd
, (13)
we obtain
L(2:c.g.)n =
g2
2
if d,ij,ji
∂L
(0)
n
∂Θd
∑
p4
1
pij4
A˜ji4 (−p4)A˜ij4 (p4). (14)
The total contribution to the quadratic term in the expansion of the Polyakov loop is the
sum of the two terms, L
(2)
n = L
(2:n.g.)
n + L
(2:c.g.)
n , Eqs. (11) and (14).
III. EFFECTIVE POTENTIAL FOR THE HOLONOMY
A. Deformed theory
To probe nontrivial holonomy, we add a deformation to Yang-Mills action SYM,
Z(h) =
∫
DA exp [−SYM(A) + ∆S(h,A4)] with ∆S = T 3
∫
d3xhU(Ln) . (15)
For convenience we choose both h and U to be dimensionless. Here we use a single source h,
but the extension to multiple sources is straightforward. We require that the deformation
∆S shifts the expectation value of the Polyakov loop smoothly.
This theory can be interpreted in various ways. In the semiclassical language, SYM and
∆S can be seen as a perturbative and non-perturbative part of the YM theory, respectively.
In phenomenology, the term ∆S is an additional term, which is constructed by hand to model
the deconfining phase transition. A natural choice is to use a “double-trace” deformation,
hU = h
∞∑
n=1
1
n2
|Ln|2 . (16)
The eigenvalues θi become non-degenerate once the source is turned on. This form was
considered in phenomenological models for the deconfining phase transition [23, 24] and in
confining gauge theories on R3 × S1 [25, 26]. The latter subject has developed significantly
in recent years in the context of the large-N orbifold equivalence and resurgence [27]. A few
specific forms of the deformation, including Eq. (16), are considered in [22].
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We compute the effective potential for the holonomy for an arbitrary deformation. Using
the constant background field A¯µ = δµ4Θ/ (gβ) as given in Eq. (2), the effective potential
for the holonomy is
exp [−βVVeff(Θ, h)] =
∫
1PI
DA exp
[
−SYM(A+ A¯) + T 3
∫
d3xhU(Ln(A4 + A¯4))
]
, (17)
where V is the spatial volume. This consists of two parts,
Veff(Θ, h) = Vpert(Θ) + ∆V (Θ, h), (18)
where the first term is the usual perturbative contribution and the second is due to the
deformation. Both are one particle irreducible (1PI).
In the deformed theory expanding U generates additional terms. To order g2,
U = U (0) +
∂U (0)
∂L
(0)
n
L(1)n +
∂U (0)
∂L
(0)
n
L(2)n +
1
2
∂2U (0)
∂L
(0)
m ∂L
(0)
n
L(1)m L
(1)
n +O(g3) (19)
where U (0) ≡ U(L(0)) is of order g0. The repeated indices are summed over from n = 1 to
N −1. The second term ∼ g is a tadpole, which by Eq. (9) is irrelevant to a potential which
is one particle irreducible.
The last two terms in Eq. (19) are ∼ g2, denoted as U (2). We treat them as interaction
terms, and show in the next section that they modify the gluon self-energy. Using Eqs. (11)
and (14), we obtain U (2) = U (2:n.g.) + U (2:c.g.) with
U (2:n.g.) =
g2
2
∂2U (0)
∂Θd′∂Θd
A˜d′4 (0)A˜d4(0) (20)
U (2:c.g.) =
g2
2
if d,ij,ji
∂U (0)
∂Θd
∑
p4
1
pij4
A˜ji4 (−p4)A˜ij4 (p4) (21)
where U (2:n.g.) and U (2:c.g.) are the quadratic terms for the neutral and charged gluons from
the expansion of U , respectively. We note that the former has only the zero Matsubara
mode. These two terms together with the usual three and four-gluon vertices from SYM are
all we need to construct the 1PI diagrams up to order g3.
B. Free energy
The saddle point of the effective potential is determined by the equation of motion,
∂
∂Θd
Veff(Θ, h)
∣∣∣∣
Θd=Θ
∗
d
= 0 (22)
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which can be computed order by order. We parametrize the saddle point as Θ∗(h) =
Θ(0)(h) + Θ(2)(h) +O(g3) up to order g2. The free energy density F is given by the saddle
point of the effective potential,
F(h) = Veff(Θ∗, h) = Veff(Θ(0), h) + 1
2
Θ
(2)
d Θ
(2)
d′
∂2
∂Θ
(0)
d ∂Θ
(0)
d′
Veff(Θ
(0), h) +O(g5), (23)
where the linear term vanishes by Eq. (22).
At leading order the effective potential
β4V
(0)
eff =
2pi2
3
∑
a
B4
(
θa
2pi
)
− hU (0). (24)
The first term is familiar at one loop order [28, 29], with Bk(x) is the k-th Bernoulli poly-
nomial, defined for 0 ≤ x ≤ 1. Due to the periodicity of the holonomy, the argument of the
Bernoulli polynomial is understood to be θa mod 2pi. At this order, the saddle point is
h
∂U (0)
∂Θd
= i
4pi
3
fdaa¯B3
(
θa
2pi
)
. (25)
We assume that the deformation U is such that the saddle point is nonzero when h 6= 0.
The next-leading contribution is of order g2, V
(2)
eff = V
(2)
pert + ∆V
(2). The perturbative
potential V
(2)
pert has been computed previously in Rξ gauge [10, 15, 19, 30–32]. There is an
additional contribution, ∆V (2), from the Wick contraction of T 3
∫
d3xhU (2). The contri-
bution of neutral gluons, U (2:n.g.) in Eq. (20), gives ∼ g2 ∫
p
1/p2, vanishes with dimensional
regularization. The contribution from charged gluons, U (2:c.g.) in Eq. (21), is nonzero:
β4∆V (2)(Θ, h) = −ig2 (3− ξ)
8pi
fdaa¯B1
(
θa
2pi
)
h
∂U (0)
∂Θd
. (26)
It appears that the free energy as a function of holonomy at order g2 is gauge dependent due
to the presence of ξ in ∆V (2). This ξ-dependent term, however, is cancelled by a ξ-dependent
term from V
(2)
pert. Combining the two,
F (2) = g2T 4
∑
ijk
[
1
4
B2
(
θ
(0)
ij
2pi
)
B2
(
θ
(0)
ik
2pi
)
− 1
4N2
B22(0)−
2
3
B1
(
θ
(0)
ij
2pi
)
B3
(
θ
(0)
ik
2pi
)]
, (27)
where θ
(0)
a = ifdaa¯Θ
(0)
d . Thus to ∼ g2 the free energy is independent of the gauge parameter
for any value of h, as expected for sources which are gauge invariant. This result agrees with
Ref. [19], which uses the constraint field method to construct the effective potential. In the
limit h→ 0, F (2) → Ng2 (N2 − 1)T 4/144 [4].
Thus to ∼ g2 the free energy in the deformed theory is smoothly connected to that for
h = 0 as h→ 0. We now show that this continuity is lost as we go to higher order.
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IV. BEYOND ORDER g2
A. Self-energy at order g2
We begin by computing the gluon self energy to ∼ g2 in the static limit, which is necessary
for the free energy ∼ g3 in the next subsection. For nonzero deformation in Eq. (15), the
self-energy consists to two parts,
Πabαβ = (Πpert)
ab
αβ + (∆Π)
ab
αβ , (28)
where Πpert is the usual one-loop self-energy in a background field, and ∆Π is the additional
contribution due to the deformation. The complete expression for Πpert for nonzero holonomy
in Feynman gauge is given in [33]. Here we only show the results needed for our discussion.
Because of the conservation of color charge, the charged gluons with holonomy θij do
not mix with other gluons. The self-energy for the charged gluon, written as Πij,jiµν , is thus
diagonal in the color space. On the other hand, neutral gluons mix with one another, so the
associated self-energy, Πdd
′
µν , is not diagonal.
The gluon self-energy is only transverse at zero temperature. At nonzero temperature
and zero holonomy [34],
pµ (Πpert)µν (p) = (1− ξ)g2NTνρ(p)
∫
q
q · r
q4r2
qρ. (29)
Here p, q, r with p + q + r = 0 is the four-momentum without holonomy, and Tρν(p) =
p2δρν − pρpν .
In the presence of the background field, there is an additional term on the RHS of Eq. (29).
The self-energy for the charged gluons picks up an extra part due entirely to the background
[15, 33, 35],
pijµ (Πpert)
ij,ji
µν =
4pi
3
g2T 3
N∑
k=1
[
B3
(
θik
2pi
)
− B3
(
θjk
2pi
)]
δ4ν (30)
in the Feynman gauge, ξ = 1.
We now take the static limit, p4 = 0 and p → 0. In this limit terms as in (29) play no
role anymore.
Πpert for the neutral gluon is given in Refs. [16, 22, 33]:
(Πpert)
dd′
44 (0, 0) = 2g
2T 2fdbcfd′ b¯c¯B2
(
θb
2pi
)
. (31)
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For the charged gluons, we have
(Πpert)
ij,ji
44 (θij , 0) =
4pi
3
g2T 2
N∑
k=1
1
θij
(
B3
(
θik
2pi
)
−B3
(
θjk
2pi
))
. (32)
This equality follows from Eqs. (29) and (30), where we write pijµ (Πpert)
ij,ji
µ4 = p
ij
4 (Πpert)
ij,ji
44 +
pijx (Πpert)
ij,ji
x4 . We can then show that (Πpert)
ij,ji
x4 is a smooth function of p, and the RHS
of Eq. (29) with the holonomy vanishes in the static limit. The self-energy at this order is
therefore gauge invariant in the static limit. In the limit of vanishing holonomy, we recover
the usual self-energy in pQCD,
lim
θ→0
(Πpert)
ab
44 (θa, 0) =
1
3
Ng2T 2δab¯ = m2Dδ
ab¯, (33)
where mD is the Debye mass.
In the usual background field method where the external source is coupled to A4, the
self-energy consists only of Πpert. The non-zero contribution of charged gluons (32) then
gives rise to unphysical results at order g3 when θ 6= 0, as we discuss in the next subsection.
There is, however, an additional contribution to the self-energy in the presence of the
deformation. This comes from the expansion of U (19). Neutral gluons contribute to the
gluon self energy as
(∆Π)dd
′
µν = −g2T 2h
∂2U (0)
∂Θd′∂Θd
δ(p4)δ4µδ4ν . (34)
This is transverse because it only contributes for the zero mode. On the other hand, using
Eq. (21)
(∆Π)ij,jiµν = −g2T 3h
∂U (0)
∂Θd
if d,ij,ji
1
pij4
δ4µδ4ν (35)
for the charged gluons. We note that these contributions are independent of the gauge
parameter at the leading order.
In the static limit, ∆Π for the neutral gluons depends on the specific form of U according
to Eq. (34). Nevertheless it vanishes as h → 0 regardless of U . Therefore the total self-
energy for the neutral gluons becomes the usual Debye mass as the holonomy vanishes. On
the other hand, ∆Π for the charged gluons does not vanish in the limit p4 = 0 and p→ 0.
According to Eq. (35), we have
(∆Π)ij,ji44 (θij , 0) = − (Πpert)ij,ji44 (θij , 0) (36)
at the saddle point (25). Therefore the total self-energy for the charged gluons in this limit
vanishes identically for any value of nonzero θ. In particular, as we take θ → 0, we have
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(Πpert)
ij,ji
44 → m2D and (∆Π)ij,ji44 → −m2D, so we do not recover the usual result for zero
holonomy. This is the source of the singular behavior in Eq. (1).
B. Free energy at order g3
For weak holonomy, the leading correction to the free energy at ∼ g2 is ∼ g3. This
contribution comes from the sum of the set of the so-called ring diagrams:
F (ring) = −1
2
∞∑
k=2
1
k
∑
p4
∫
d3p
(2pi)3
tr
[−ΠabαβDbcβγ]k (37)
where k is the number of the ring, i.e. the self-energy, and the prefactor 1/k accounts for
the symmetry factor. The propagator D in the Rξ gauge is given in Eq. (3).
Let us first review the usual case at zero holonomy, h = θ = 0, and the self-energy
Π = Πpert. Each ring diagram is infrared divergent in the static limit, p4 = 0 and p → 0.
In this limit the only nonzero term is the fourth component of the self-energy, which is the
usual Debye mass squared, limp→0Π
44
ab(p4 = 0,p) = m
2
Dδab¯. The infrared divergence is cured
by the Debye screening, and this gives rise to the g3 contribution to the free energy [5],
F (3) (h = 0) = 1
2
T
∑
a
∫
d3p
(2pi)3
log
(
1 +
m2D
p2
)
= −N
2 − 1
12pi
Tm3D (38)
with dimensional regularization, where p = |p|. We note that both N2 −N charged gluons
and the N − 1 neutral gluons contribute to ∼ g3, giving the prefactor of N2 − 1. It is
important that the resummation consists only of the zero Matsubara mode, so that the
gauge parameter ξ in the propagator drops out.
We now turn on the external source h and consider nontrivial holonomy θ 6= 0. As
discussed in the previous subsection, the self-energies for the charged and neutral gluons do
not mix, so the ring resummation can be written as a sum of two contributions from the
charged and neutral gluons.
The contribution of neutral gluons is similar to zero holonomy. The zero-mode of the
ring diagram p4 = 0 for k ≥ 2 is again infrared divergent for any value of θ. Denoting Λd4 as
the eigenvalue of the self-energy in the static limit,
F (3:n.g.)(h) = 1
2
N−1∑
d=1
∫
d3p
(2pi)3
[
ln
(
1 +
Λd4
p2
)
− Λ
d
4
p2
]
= − 1
12pi
T
N−1∑
d=1
(
Λd4
)3/2
. (39)
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As we take h → 0, ∆Π → 0 and thus Λd4 → m2D, and the usual contribution of neutral
gluons is recovered.
The charged-gluon contribution to the ring diagram is more subtle. Unlike previous cases,
the ξ dependent term in the propagator for the zero Matsubara mode does not vanish due
to the nontrivial factor of θ. This implies that in the usual background field method where
the external source is coupled to A4, the ring diagram becomes dependent upon ξ. In our
case, this problem should not occur because the deformation is gauge invariant. Indeed the
additional contribution ∆Π due to the deformation gives a gauge-invariant result, but in a
striking way: because the total self-energy in the static limit vanishes, the IR divergence is
absent at this order, and so no resummation is needed for the charged gluons. Thus
F (3:c.g.)(h) = 0 (40)
as long as h is nonzero. For the charged gluons, the infrared problem at order g3 is cured
not by the screening, but by the cancellation of the infrared divergence by the additional
contribution ∆Π.
The total free energy at order g3 is the sum of Eqs. (39) and (40). The g3 contribution
comes from the ring diagrams of neutral gluons only, and it is therefore 1/N suppressed at
large N . This holds true for any arbitrary small value of h. Combining Eqs. (38)-(40), we
obtain Eq. (1).
V. CONCLUSIONS
We have considered the free energy in the presence of the nontrivial holonomy up to order
g3 in perturbation theory. In order to probe the nontrivial holonomy in an explicitly gauge
invariant way, we introduce an external source h that couples to a gauge invariant term
U (15). We have shown that the free energy is indeed gauge invariant, and it is smoothly
connected to the result for zero holonomy to ∼ g2.
The nontrivial holonomy, however, changes the infrared behavior of the theory. In the
deformed theory, we have additional contribution to the self-energy at order g2, and the total
self-energy for the charged gluons vanishes in the static limit. This leads us to conclude that
there is no g3 contribution from the charged gluons in the deformed theory. The deformed
theory is singular in a sense that we do not recover the usual result as h→ 0.
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The results obtained here are valid for a wide class of observables, like the Polyakov loop
probability distribution used on the lattice. We investigate this further in Ref. [22].
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